We prove that every family of (overconvergent)étale (ϕ, Γ)-modules over a reduced affinoid algebra can be locally converted to a family of p-adic representations uniquely.
Introduction
In [1] , Berger and Colmez introduced a theory of families of overconvergentétale (ϕ, Γ)-modules associated to families of p-adic Galois representations of over p-adic Banach algebras. The p-adic families of local Galois representations emerging from number theory are usually over rigid analytic spaces. So we are mainly interested in the case that the base are reduced affinoid algebras. However, even in this case Berger and Colmez's functor is far from an equivalence of categories as first noticed by Chenevier. He constructed a free rank 1 overconvergentétale (ϕ, Γ)-module over the p-adic unit circle such that it is not associated to any family of p-adic representations over the same base. On the other hand, in the course of his construction of a p-adic local langlands correspondence of GL 2 (Q p ), Colmez proved that [5, Proposition 5 .2] for a family of rank 2 triangularétale (ϕ, Γ)-modules one can locally convert it to a family of p-adic representations using his theory of Espaces Vectories de dimension finie. Colmez also remarked that [5, Remarque 5.3(2) ]: On aurait pu aussi utiliser un version ≪ en famille ≫ des théorémesá la Dieudonné-Manin de Kedlaya. Il y a d'ailleurs une concordance assez frappante entre ce que permettent de démontret ces théorémes de Kedlaya et la théorie des Espaces Vectories de dimension finie. Although there is not a family version of Kedlaya's slope filtrations theorem in general since the slope polygons of families of Frobenius modules are not locally constant, we do have such a version forétale families as shown in [8] . In fact, the motivation of this note is to realize Colmez's remark by applying the results we developed in [8] to any family of (overconvergent)étale (ϕ, Γ)-modules. We will show that every family of (overconvergent)étale (ϕ, Γ)-modules over a reduced affinoid algebra can be locally converted to a family of p-adic representations uniquely.
p-adic representations and (ϕ, Γ)-modules
A p-adic representation V is a finite dimensional Q p -vector space equipped with a continuous linear action of G K . Write H K = Gal(K/K ∞ ) and Γ = Γ K = Gal(K ∞ /K). Fontaine [7] constructed the functor D associating to V anétale (ϕ, Γ)-module D(V ) = (B ⊗ V ) HK over B K . As a ring B K is isomorphic to
the field of Laurent series over K ′ 0 in a concrete way. We equip E K ′ 0 with a valuation w by setting w(f ) = min i∈Z v(a i ); this makes E K ′ 0 being a p-adic local field with non-perfect residue field k ′ ((T )), where k ′ is the residue field of
HK , which is anétale (ϕ, Γ)-module over A K .
is an equivalence from the category of p-adic representations (resp. finite free Z p -representations) of G K to the category of etale (ϕ, Γ)-modules over B K (resp. A K ); the inverse functor is given by
In [6] Dee extended Fontaine's results to families of Z p -representations. Let R be a complete Noetherian local ring whose residue field k R is finite over F p . A family of Z p -representations T R over R is a finitely generated R-module with a continuous R-linear action of G K . Note that the base ring R is a Z p -algebra in a natural way by lifting the unique map
We define the functor D on the category of families of Z p -representations over R be setting
Here we take the m R -adic topology of R with m R the maximal ideal of R. The functor
is an equivalence from the category of families of Z p -representations over R to the category ofétale (ϕ, Γ)-modules over A K ⊗ Zp R; the inverse functor is given by
For r > 0 we set
and R bd,r
. It turns out that for r sufficiently small R bd,r we may suppose that there exists an integer n(
, which are free of rank d, fixed by H L , having a base almost invariant under Γ L , and satisfies ( (
by Proposition 3.3. We prove (2) similarly.
) is a family of (ϕ, Γ)-modules (resp. overconvergent (ϕ, Γ)-modules) over S.
Families of φ-modules
In this section we state some basic definitions and facts about families of φ-modules which will be used in section 4. See [8] for the full details.
Definition 2.1. For any r > 0 we set 
where φ S is an isometric endomorphism of S and U ∈ R int S is such that w(S − T q ) > 0. It follows that we have that φ maps R bd S to itself. For q a power of p we define an absolute (q-power) Frobenius lift as a relative Frobenius lift for which φ S is a q-power Frobenius lift.
From now on we equip R S with a relative Frobenius lift φ. Definition 2.3. Define a φ-module over R S (resp. R bd S ) to be a finite free R S -module M S (resp. R bd S -module N S ) equipped with an isomorphism φ * M → M , which we also think of as a semilinear φ-action on M ; the semilinearity means that for f ∈ R S (resp. R bd S ) and m ∈ M , φ(f m) = φ(f )φ(m). We also call a φ-module over R S (resp. R bd S ) a family of φ-modules (resp. a family of overconvergent φ-modules) over S.
In the rest of this paper we restrict S to be a reduced affinoid algebra over Q p with the spectral norm. Let M (S) be the affinoid space associated to S. For any 
Comparison of various rings
Proposition 3.1. Keep notations as above, the following are true.
, where O ER is defined as
and equipped with the m R -adic topology.
Proof. For (1), we first identify
is injective with dense image. So we only need to prove that this is an embedding with respect to the tensor product topology on R 
⊗O S . This would imply the desired
. As for (1) we only need to prove that the natural map (
Proof. From (1) of the above proposition we get
topologically. This is (1). Proof. Choose an orthonormal basis {e i } i∈I of S. Set
It is clear that the map α from l ∞ 0 (I, B † rig ) to B † rig ⊗S defined by α((a i ) i∈I ) = i∈I a i e i is an isomorphism with respect to ϕ-action.
Another equality is proved similarly.
Main results
For λ ∈ Z p , we use v λ to denote the standard valuation on the Tate algebra
Proof. We will inductively construct a sequence b 0 , b 1 , · · · ∈ {0, 1, . . . , p − 1} such that
for any l ∈ N. We first choose b 0 such that
Proof. Suppose {r ∈ λO K | P (r) = 0} = {r 1 , . . . , r m λ }.
If there is a λ ∈ pZ p and a sequence of positive numbers c 1 , c 2 , · · · such that v λ (a n ) ≤ c n /n for each n ≥ 1, then there exists a y ∈ Z p such that lim n→∞ v(a n (λy))/c n = 0.
By Weierstress preparation theorem of Tate algebras, for each n ≥ 1 we write a n = u n v n a ′ n , where u n is a unit in Z p Y ′ with constant term 1, v n is in Z p satisfying v(v n ) = v λ (a n ), and a
with leading coefficient 1. It follows from the above lemma that
.
We will inductively construct three sequences 1
for any j ∈ N and j ′ ≥ j. Let n 0 = 1, d 0 = 0. We choose a y 0 ∈ Z p such that
by the above Lemma. Given n 0 , . . . , n l−1 , d 0 , . . . , d l−1 and y 0 , . . . , y l−1 . Set
for any j ≤ l − 1 and y ∈ Z p . Choose n l > max{n l−1 ,
These sequences satisfy the desired properties.
This implies that lim j→∞ v(a nj (λy))/c nj → 0, yielding the desired result. . . such that the valuation of a n in
m Y m is ≤ c n /n for each n ≥ 1, then there exist elements y i ∈ Z p for 1 ≤ i ≤ m such that lim n→∞ v(a n (λ 1 y 1 , . . . , λ m y m ))/c n = 0. 
⊗ k(y) for some r(y) > 0, then for any λ = (λ 1 , . . . , λ n ) with λ i ∈ pZ p there exists an r(λ) > 0 such that f lies in
Proof. By Proposition 3.1 we write f =
Suppose the contrary; then there is a λ = (λ 1 , . . . , λ m ) such that f is not in A 
It is clear that (f j ) y is overconvergent for any closed point y of Spec(
K ⊗H(z j ) for each j. Let r(λ) = min{r 1 , . . . , r s }. Since the natural map
is a closed embedding we conclude that f lies in Since A K is closed in A K , we have that
We also have a closed embedding
Thus we conclude that for f ∈ A K ⊗R, if f y lies in A K ⊗ k(y) for any closed point y, then f ∈ A K ⊗R. Hence a ∈ A K ⊗R. The rest follows from Proposition 4.5. 
we may suppose that x is a rational point. We prove the existence first. Let D 
Lifting e x to a basis e S of D S , write ϕ(e S ) = e S F, γ 1 (e S ) = e S G 1 , . . . , γ n (e S ) = e S G n . F − F x , G 1 − G 1,x , . . . , G n − G n,x vanish at x, from [8, Lemma 3.4] we choose an affinoid neighborhood M (S ′ ) of x such that
Since all the
. So we may assume that F, G 1 , . . . , G n are invertible over R 
which is finite over
. Thus R is a complete Noetherian semilocal ring such that the residue field of each maximal ideal is a finite extension of F p . For any λ = (λ 1 , . . . , λ m ) with λ i ∈ pZ p , set
is a finite freeétale (ϕ, Γ)-module over A K ⊗R. By Theorem 1.2 we obtain a finite free
Picking a basis d of D †,s L,n (T S λ ), write d = e S U ; then U is invertible over A ⊗R λ . Since d, e S are H L -invariant, we conclude that U is invertible over ( A ⊗R λ ) HL = A L ⊗R λ . We will show that for any λ ′ = (λ 1 , . . . , λ m ) with λ ′ i ∈ pλ i Z p , U is invertible over A 
